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Abstract
Physical origin of Milne boost invariance of the Newton Cartan
spacetime is traced to the effect of local Galilean boosts in its metric
structure, using galilean gauge theory. Specifically, we do not require
any gauge field to understand Milne boost invariance.
1 Introduction
Newton Cartan (NC) geometry [1, 2, 3, 4, 5, 6, 7, 8, 9] was introduced
by Cartan [1, 2] to provide a geometric formulation of Newtonian gravity.
Interest in this field was rekindled when non relativistic spatial diffeomor-
phism was shown to be an important tool in the study of unitary Fermi gas
[10], which has applications in the study of fractional quantum Hall effect
(FQHE) [10, 11, 12, 13, 14, 15]. The NC geometry possesses a characteristic
invariance under the Milne boosts [16], in addition to the diffeomorphism in-
variances [17]. The symmetry group is abelian [17] which has inspired many
researchers to introduce a gauge field in the NC structure [18, 19, 20] to
represent this symmetry. However, why such a gauge field will be mixed
up with the geometric elements of NC manifold is a pertinent question. To
answer such a question the redundancy of the metric NC spacetime, due to
the Milne boosts, has been utilised,. The idea of a gauge field as part of a
geometry may be novel but to some extent uneasy. Different approaches to
the Milne boost symmetry are, thus, essential.
Infact, the concept of nonrelativistic diffeomorphism invariance (NRDI),
which led to the recent understanding of the NC spacetime, was marred with
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several problems, of which passage to Galilean symmetry in the flat limit is a
representative one. One finds [10] that a gauge field must always be invoked
and in the flat limit the corresponding gauge parameter must be equated
with the Galilean boost parameter. This unexpected connection, though
compatible with a gauge field in the NC geometry, leads to new questions,
concerning the coupling of a free Schrodinger theory in the absence of any
gauge field [21]. In this context it may be remembered that the coupling
of the non relativistic theories with curved background can be consistently
done [21, 22, 23] where no preexisting gauge field was needed. Also, the NC
covariant form of the Schrodinger field (with or without gauge interaction)
was obtained by taking c → ∞ limit of an appropriate relativistic theory
[21].
Presumably, the approach of introducing a gauge field in the NC struc-
ture was triggered by [10]. The rational behind this was the presence of
Milne boosts which demonstrate certain redundancy in the metric struc-
ture. However, this remedy has several side effects. The most important
one is that the symmetric connection ceases to be Milne invariant if it is to
be gauge invariant and conversely [19]. Also remember that such a gauge
field was never required in the earlier works, many of them by past masters
[1, 2, 3, 4, 5, 6, 7, 8, 9, 17].
We show in the present paper that the invariance under Milne boosts
can be completely explained within the confines of the usual metric struc-
ture. In what follows we will apply a systematic algorithm for obtaining
non relativistic diffeomorphism invariance by localising (gauging) a Galileo
invariant theory, called galilean gauge theory (GGT) [24, 23, 22, 25, 26]. The
outcome of GGT is the coupled form of a nonrelativistic theory with curved
background. The identity of the curved background has been ascertained
by deriving the metric formulation of the NC geometry from the first order
GGT [24, 23, 25].Naturally one expects that new vistas in the understanding
of Milne boosts may be opened up from GGT. In this paper we will show that
this hope is not belied. Specifically, the Milne boosts will be shown to be the
remnants of the local galilean boost symmetry of the vierbein formulation of
the NC space time.
The study of Milne boost invariance has its intrinsic interest also. The
NC geometry is the non-relativistic limit of Riemann-Cartan geometry. But
the Milne boost symmtry has no relativistic analog. The authors of [17]
relate the arbitrariness of the symmetric connection which is manifestated
by an arbitrary two form, with the Milne boost invariance. In our approach
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the symmetric connection is obtained naturally and its invariance follows as
a consequence of the transformations of the basic fields. Also, we show that
the complete Milne transformations are a consequence of local galilean boosts
reflected in the metric structure. This happens because the galilean boosts
affect space and time asymmetrically, unlike the Lorentz transformations.
The organisation of the paper is as follows, In section 2 we give a brief
review of Milne boost trasformations in metric NC theory. In the next section
the connection between the vielbein formulation of GGT and the metric
structure of the NC spacetime is recapitulated, This is necessary to set the
stage for further discussion and to introduce the symbols. Sections 4 and 5
contain the new results of the present work. The paper ends with concluding
remarks in section 6.
2 The metric Newton-Cartan theory and Milne
boosts
The Newton-Cartan (NC) theory, in the standard form, is formulated as
a metric theory. The special role of time in the galilean models is manifested
in the lack of a single nondegenerate metric in space time. Rather there are
two degenerate metrics which are given by a temporal one form τµ and a
degenerate second rank metric hµν so that
hµντν = 0 (1)
The quotient space M/ker(τµ) is one dimensional and points the direction
in which time flows. A vector vµ corresponds to the metric one form τµ such
that,
vµτµ = 1 (2)
and a second rank covariant tensor hµν is introduced to project any vector
to a space like one form. The appropriate projection operator is,
hµνh
νρ = δρµ − τµv
ρ = P µρ (3)
Another piece of the scenario is the connection. The expression of the
symmetric and metric compatible connection goes as
Γρµν = v
ρ∂(µ τν) +
1
2
hρλ
(
∂(µhν)λ − ∂λhµν
)
+ hρλKλ(µ τν) (4)
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where, Kµν is an arbitrary two form. Note that the connection is not uniquely
determined by the metrics. This is unlike the pseudo Riemannian case where
the symmetric, metric compatible connection is unique.
The Milne boosts are defined by [27],
τµ → τ
′
µ = τµ; h
µν
→ h′µν = hµν (5)
vµ → v′µ = vµ + hµνψν (6)
hµν → h
′
µν = hµν − (τµP
ρ
ν + τνP
ρ
µ )ψρ + τµτνh
ρσψρψσ (7)
where ψν is any arbitrary one form. Here τµ and h
µν are kept unchanged.
It is simple to check that the NC relations (1, 2, 3) are invariant under the
Milne boosts (5,6, 7).
We then come to the transformation of the connection (4). The last term
of the expression for the connection contains an arbitrary two form Kµν . At
most we can write
K ′µν = Kµν − ∂[µφµ] (8)
with the one form φµ arbitrary. Its transformation can be fixed by demanding
Γ′ρµν = Γ
ρ
µν (9)
under Milne transformations. Then an explicit ansatz for φµ is obtained [17],
φµ = ψµ −
(
ψλv
λ +
1
2
hλνψλψν
)
τµ (10)
We, on the other hand, are able to provide a deduction of the full connec-
tion in terms of the first order variables, namely, the vierbeins and the spin
connections. This will enable us to calculate the variation of the connection
from first principles. We find that the connection is invariant.
At this point it can be easily seen why the invariance of the connection is
lost when we exploit the arbitrariness of Kµν to introduce a gauge field Aµ.
The arbitrary two form is then expressed as Kµν = ∂µAν − ∂νAµ. The trans-
formation of Aµ is fixed beforehand and the corresponding transformation of
Kµν is such that the connection is no longer invariant [18, 19].
The Milne boost transformations given by (5,6, 7) preserve the NC alge-
bra. We find that the set (τµ, h
µν) remains invariant while (vµ, hµν) changes.
Alternatively, it has been formulated in a complimentary manner [18] where
vµ and hµν are invariant whereas τµ and h
µν transform appropriately , so as
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to keep the NC algebra intact. Using the reduction of relativistic to nonrel-
ativistic field models [18, 19], however, the first set where (τµ, h
µν) does not
change was found. Our method leads to a unique form that matches with
the one where (τµ, h
µν) are invariant, as will be seen in the following.
3 Galilean gauge theory and Newton Cartan
spacetime
Galilean gauge theory as well as its connection with NC geometric elements,
with [28] or without torsion, have been developed [24, 25, 23] over the last few
years. We provide an illustration of the algorithm using the free Schrodinger
field action
S =
∫
dt
∫
d3x
[
i
2
(ψ∗∂0ψ − ψ∂0ψ
∗)−
1
2m
∂kψ
∗∂kψ
]
. (11)
which is invariant under the global Galilean transformations,
xµ → xµ + ξµ (12)
where ξµ is given by ξ0 = −ǫ and ξi = ηi − uit with ηi = ǫi + λijx
j The
constant parameters ǫ, ǫi, λij and ui, respectively, represent time and space
translation, spatial rotations and galilean boosts. λij are antisymmetric un-
der interchange of the indices. If these parameters are elevated to functions
of space and time, the corresponding symmetry will involve local Galilean
transformations. To capture the distinction of time and space, the time
translation parameter is generalised to be a function of time only.
The first step is to write the corresponding locally Galilean symmetric
model in terms of local coordinates. One can readily write this, following the
algorithm given in [22, 25, 23], as
S =
∫
dx0d3x det Σα
µ
[
i
2
(ψ∗∇0ψ − ψ∇0ψ
∗)−
1
2m
∇aψ
∗
∇aψ
]
(13)
The time coordinate in the local system will be denoted by 0 and the space
coordinates by a. Collectively, the local coordinates will be denoted by the
initial letters of the Greek alphabet (i.e. α, β etc.). The action (13) has
been geometrically interpreted as a diffeomorphism invariant theory in the
5
NC space time. Σα
µ are the vierbeins with Λµ
α as its inverse. The local
covariant derivatives are
∇0ψ = Σ0
0D0ψ + Σ0
kDkψ
∇aψ = Σa
kDkψ. (14)
where
Dµψ = ∂µψ + iBµψ (15)
are the covariant drivatives in the global coordinates. Also, in the adapted
coordinates, Σa
0 = 0. Hence
det Σα
µ =
det(Σa
k)−1
Σ00
(16)
The new fields Bµ have the structures,
Bµ =
1
2
Bµ
abωab +Bµ
a0ωa (17)
where ωab and ωa are respectively the generators of rotations and Galileo
boosts. The transformations of Σα
µ and Bµ that preserve the invariance of
(13) are given by [23],
δ0Σ0
0 = −ξν∂νΣ0
0 + Σ0
ν∂νξ
0
δ0Σ0
k = −ξν∂νΣ0
k + Σ0
ν∂νξ
k + ubΣb
k
δ0Σa
k = −ξν∂νΣa
k + Σa
ν∂νξ
k
− λa
bΣb
k
δ0Λ0
0 = −ξν∂νΛ0
0 + Λν
0∂0ξ
ν
δ0Λ0
a = −ξν∂νΛ0
a + Λν
a∂0ξ
ν
− uaΛ0
0
δ0Λk
a = −ξν∂νΛk
a + Λν
a∂kξ
ν
− ωc
aΛk
c
δ0Bk = −ξ
ν∂νBk − Bi∂kξ
i +m∂k(u
ixi)−mu
bλk
b
δ0B0 = −ξ
ν∂νB0 + ∂0ξ
µBµ +mu˙ix
i +mubΛk
bΛ0
0Σk0 (18)
The spatial part Λk
a is the inverse of Σa
k. The transformations of Λν
α
of course follows from above as Λ is inverse of Σ The transformations (18)
show that that the lower index (of Σα
µ ,for instance) transform under the
local transformations, whereas the upper index transform under diffeomor-
phism, xµ → xµ + ξµ. Thus the theory (13) has two types of symmetry,
diffeomorphisms and local galilean transformations.
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It has been proved that the 4-dim spacetime obtained above is the NC
manifold. This is done by showing that the metric formulation of our theory
contains the same structures and satisfy the same structural relations as in
NC space - time [24]. We begin with the definitions of the metric,
hµν = Σa
µΣa
ν (19)
and the one form
τµ = Λµ
0 (20)
Since Σa
0 = 0,
hµ0 = Σa
µΣa
0 = h0µ = 0 (21)
Using the transformations (18), we can show that both hµν and τµ satisfy
appropriate trnsformations under diffeomorhism of the manifold. Note that
as a consequence of Σa
0 = 0 in our coordinates, Λk
0 = 0. So τµ = (1, 0, 0, 0).
¿From the above definitions we get
hµντν = 0 (22)
We can define a timelike vector vµ as
vµ = Σ0
µ ; τµv
µ = 1 (23)
and the covariant tensor
hνρ = Λν
aΛρ
a (24)
Clearly,
hµνv
ν = Λµ
aΛν
aΣ0
ν
= Λµ
aδa0
= 0 (25)
Finally
hµλhλν = P
µ
ν = δ
µ
ν − v
µτν (26)
Thus hµν , τν define the metrics of the NC geometry.
If we use the vierbein postulate, the affine connection is obtained in the
first order variables. Symmetrizing this connection and using our identifica-
tions we have shown earlier that the standard Dautcourt form (4)is obtained
where the nonunique last term is shown to be
hρλKλ(µ τν) = Σa
ρ
(
Ba0(µ τν)
)
(27)
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So we have conclusively proved that the curved spacetime indeed has the NC
geometry. Thus using GGT one can couple a non relativistic theory with
background NC spacetime. The particular benefit is to directly arrive at the
convenient galilean coordinates. A great merit of the GGT is apparent now.
The coupling of a field theory with the NC background is known to be very
difficult because it has to be such that the fields properly transform in the
adapted coordinates. GGT chooses this frame inherently.
4 Local boost symmetry
In this section we will discuss about the effect of local galilean boosts in
the metric formulation of NC gravity. In the relativistic case the local Lorentz
transformations do not affect the metric or the symmetric metric compatible
connection. The situation is otherwise in the non relativistic analog. The
exact way in which this phenonenon is connected with the degeneracy of the
metric structure will be clear from the following analysis. Also we will show
in this and the following section that the effect of galilean boost percolates
through the torsionless metric theory in the form of Milne boost. The spin
connection associated with the boost sector explains the arbitrariness of the
metric compatible connection. A definite expression for the arbitrary part
of the NC connection, which was derived earlier [24], sheds new light on the
relation between the local galilean boosts and the two form Kµν . Finally, the
result that Milne boosts are nothing but space time transformations rules
out the necessity of associating a gauge field to it, as has been done in the
literature [18, 19, 20].
4.1 Residual effect of the local galilean transformation
in the metric formulation of NC sacetime
Let us consider the NC geometry in the first order formulation of GGT.
This is defined by the tetrad Σα
µ and the spin connection Bµ, the most
general transformations of which under diffeomorhism and local Galilean
transformations are given by (18). Let us now specialize these transforma-
tions when only local Galilean boost is given. This is done easily by putting
ξµ = 0 and ωab = 0 in (18).
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Now 1
δ0Σ0
k = Σb
kub; δ0Σa
k = 0 (28)
δ0Λ0
a = uaΛ0
0; δ0Λk
a = 0 (29)
These relations may be written in a covariant form. Specifically,
δ0Λµ
a = δ0µu
aΛ0
0 = δνµu
aΛν
0 = uaΛµ
0 (30)
where Λk
0 = 0 has been used. Using (20) and (29), we get,
δ0τµ = δ0Λµ
0 = 0 (31)
The case of hµν is similar,
δ0h
µν = δ0(Σ
µ
aΣ
ν
a) = 0 (32)
where use has been made of equation (28).
We observe that under the local boost transformation, the two degenerate
metrics τµ and h
µν remain invariant. The changes occur to the auxiliary set
(vµ, hµν). The alternative way of writing the Milne transformations, where
(vµ, hµν) are invariant but τµ, h
µν change, though algebraically feasible, is not
dynamically suggested. Also, note that should there have been a nondegen-
erate metric, as happens for Riemannian geometry, the auxiliary structures
would not exist. Then there would be no Milne type nontrivial transforma-
tion. This explains why such symmetry is not generated by three dimensional
rotation in space, in the NC spacetime.
4.2 The connection
So far we have not considered what happens to the connection under local
galilean transformation. The affine connection Γρνµ in the first order form is
easy to abstract from the vielbein postulate,
∇µΛ
α
ν = ∂µΛ
α
ν − Γ
ρ
νµΛ
α
ρ +B
α
µβΛ
β
ν = 0 (33)
and is given by
Γρνµ = ∂µΛν
αΣα
ρ +BαµβΛν
βΣα
ρ (34)
1Note that we are considering infitesmal boost parameter
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where the spin connection Bαµβ appears in addition to the vierbeins. The
generator of the galilean boost is ωa = mxa. From (18), specialising for local
galilean boost, we get,
δ0Bk = m∂k(u
axa)−mu
bΛk
b
= m∂ku
axa (35)
Similarly,
δ0B0 = m∂0(u
axa)−mu
bΛ0
b
= m∂0u
axa (36)
where use has been made of the fact that in the adapted coordinates u0 is
zero in both the basis. Simplifying, we get,
δ0Bµ
a0 = ∂µu
a (37)
where (17) has been used.
Now we can find the cherished variation of Γρνµ. Naturally, we are inter-
ested in the symmetric portion of it. We have shown that the connection
(34) is metric compatible. In first order variables it is given by
Γρνµ = ∂νΛµ
αΣα
ρ +BανβΛµ
βΣα
ρ + ∂µΛν
αΣα
ρ +BαµβΛν
βΣα
ρ (38)
Specialising for galilean transformation, we get
Γρνµ = ∂νΛµ
αΣα
ρ +Baν0Λµ
βΣa
ρ + ∂µΛν
αΣa
ρ +Baµ0Λν
0Σa
ρ (39)
Taking variation due to local galilean boosts, we find
δ0Γ
ρ
νµ = ∂µδ0Λν
αΣα
ρ + ∂µΛν
αδ0Σα
ρ + δ0B
a
µΛν
0 + (µ→ ν) Σa
ρ (40)
Now, explicit calculation yields
δ0Γ
ρ
νµ = 0 (41)
So we find that the local galilean transformations do not change the metric
structures (τµ, h
µν) of the NC geometry or metric compatible connection. It
changes the set (vµ, hµν). That the calculations have been done in special
coordinates (the adapted coordinates) is of course no demerit, because we
present the results in tensor form which transform covariantly under general
coordinate transformation. The benefit of the galilean gauge theory is that
it provides us the appropriate transformations for the vierbein and the spin
connections in the adapted coordinates.
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5 Physical origin of Milne boosts
We will now show that the transformations due to local galilean boost
are actually identical with the Milne boosts To see this, note that from (23)
and (28)
δ0v
µ = Σb
µub (42)
Now we propose the map connecting the galilean boost parameter (u) with
the Milne boost parameter (ψ),
ub = Σb
µψµ (43)
to get
δ0v
µ = hµνψν (44)
where we have used (19). Equation(44) exactly matches with the Milne
boost transformation (6). In this way we can derive the entire set of Milne
transformations using the same map, from the corresponding results of the
last section. This is done in the following.
We start by computing δhµν . Using the definition (24) we get
δhµν = δΛµ
aΛν
a + Λµ
aδΛν
a (45)
But from (18), δΛ0
a = uaΛ0
0 = Σa
ρψρΛ0
0. Then
δh00 = −(τ0P
ρ
0 + τ0P
ρ
0 )ψρ (46)
Similarly working out the variation of the other components, we get
δhµν = −(τµP
ρ
ν + τνP
ρ
µ )ψρ (47)
The variation (47) agrees upto first order in ψ with the assumed variations
(7) under Milne boost, as given in the literature [19, 20].
It may be shown that the transformations preserve the NC algebra upto
first order in ψ. Denoting the transformed quantities by ’prime’ we can
calculate
v′µτ ′µ = (v
µ + δvµ)τµ = (v
µ + hµνψν)τµ = v
µτµ = 1 (48)
Also
h′µνv
′ν = (hµν − (τµP
ρ
ν + τνP
ρ
µ )ψρ)(v
ν + hνρψρ)
= −(τµP
ρ
ν + τνP
ρ
µ )v
νψρ + hµνh
νρψρ +O(ψ
2)
= 0 +O(ψ2) (49)
11
and finally
h′µνh
′νρ = δµ
ρ
− τµv
′ρ +O(ψ2) = P ′µ
ρ
+O(ψ2) (50)
A significant result of our study is the variation of the connection. We
have shown that under local galilean boosts the symmetrized affine connec-
tion does not change. Using the map (43) the invariance of the connection
under Milne boosts may be easily studied. Indeed, invariance of the connec-
tion (4)is ensured because we have proved [24] that the symmetric connection
can be cast in the form (38). So we can conclude that the Milne boost invari-
ance of the NC geometry is the outcome of invariance under local galilean
boosts, to first order in transformation parameter. We now extend the equiv-
alence for finite boosts.
5.1 Finite boosts
In Galilei Newton dynamics boosts are commutative. So variations of quan-
tities which are linear in the vierbeins remain the same for finite boosts also.
Thus τµ and h
µ are unchanged while vµ transforms as (44). Finite transfor-
mation of hµν will now become, on exploiting (30),
h′νρ = Λ
′
ν
aΛ′ρ
a
= (Λν
a
− uaΛν
0)(Λρ
a
− uaΛρ
0) (51)
Using the mappings it is possible to reproduce the desired result (7) quoted in
the literature. First note that the transformation (30) holds for finite boost
as the variations are linear in ua. Using the identification (43), we can write
from (51)
h′νρ =
(
Λν
a
− ΣaλψλΛν
0
) (
Λρ
a
− ΣaλψλΛρ
0
)
(52)
Expanding and using (24) we get the standard result (7).
We have proved that our results for infinitesmal boost properly generalizes
for finite boost. To complete the scenario we look at the invariance of the
connection under finite boosts. Once again the abelian property of galilean
boosts comes to our help. The finite boost can be divided into a large number
of infinitesmal boosts. So δ0Γ = 0 which we have derived for an infinitesmal
boost above, also holds for finite boosts.
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6 Conclusion
That the NC geometry posseses in the metric version additional boost-like
symmetry was discovered much earlier [16]. This ’so called Milne boosts’ was
studied extensively from an algebraic approach [17]. The issue was not stud-
ied from a dynamic approach until, in recent applications [10], non relativistic
field theories coupled to curved spacetime came to the centerstage. There
were some puzzles regarding the issue of symmetry in the flat limit and the
solution required the assumption of a connection between the galilean boost
parameter and the gauge transformation parameter [10]. Then the following
questions arise: is it not possible to couple free massive Schrodinger field
(without any gauge field) with gravity? Even if we allow a gauge interaction,
does not such identification reduce the symmetry of the system [21]? Aban-
doning these issues, search for an inbuilt gauge field in the Newton Cartan
structure [18, 19, 20] begun, exploiting the Milne boost redundancy. But it
raised more questions than it actually answered. The corresponding connec-
tion ceases to be Milne invariant. Milne invariance can be restored, but at
the expense of gauge invariance! One problem gets traded with another.
We have analysed such issues pertaining to the Milne boost symmetry in
the framework of galilean gauge theory (GGT) advocated by us [24, 23, 22,
25, 26]. This theory arose from the necessity of coupling Schrodinger field
consistently with curved spacetime. The curved space version of Schrodinger
equation was always considered to be difficult to construct because of the
lack of a single nondegenerate metric. The problem was solved by a novel
approach of gauging the symmetry. The algorithm developed by us can
be used in principle for any generic field. Later on, the connection with the
Newton Cartan space time was established [24, 28] that led to the formulation
of the GGT [25, 23]. In this scenario Milne boosts are studied here in the
framework of GGT. We have proved certain points:
1. The transformations of metric NC theory under the local galilean boost
of the first order variables (the vierbeins and spin connections) are
exactly equivalent to the Milne boost transformations. The equivalence
is demonstrated by a universal mapping derived here. The physical
origin of Milne boost is thus uncovered.
It is known that the local Lorentz transformations do not change the
metric components of the Riemannian geometry but NC geometry
which is the non relativistic limit of the Riemann Cartan geometry
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allow the Milne transformations, which are the consequences of local
galilean boosts. Our analysis reveals the reason explicitly. Distinction
between time and space introduces a unique direction for time flow in
NC spacetime and the local galilean boosts changes space but not time.
Thus the influence of the local galilean boosts is not compensated in
the metric structures. Here the connection, in contrast to the relativis-
tic case, cannot be expressed solely in terms of the metric. There is a
remnant term that is expressed in terms of the galilean boosts [24].
2. Starting from first principles we have shown that the symmetric metric
compatible connection remains invariant under Milne boosts. Here the
connection is given in term of the vierbeins and the spin connection.
Also it has been proved earlier that the expression of the said connec-
tion is the same as the Dautcourt connection (see equation (4)). Our
analysis thus ensures the invariance of torsionless form of the connec-
tion.
3. From an algebraic approach alternative transformations can be pro-
posed for Milne boosts where the degenerate metric τµ, h
µν are not
invariant, whereas the auxiliary metric elements (vµ, hµν) are. It has
been reported [19] that these transformations do not follow from a re-
duction of relativistic theories to nonrelativistic theories limit. We show
here that it is not accidental. Working out the Milne boost transfor-
mations from the consequences of local galilean boosts we have shown
that those set of transformations where the degenerate metrics τµ, h
µν
remain unchanged, are the unique form of the Milne transformations.
4. In our analysis Milne boost is clearly generated by the local galilean
generators. Thus there is no need for any gauge field in the NC geom-
etry.
5. One may wonder whether the absence of a gauge field would obstruct
the obtention of Newtonian gravity in the present formulation. This is
not so. Since we have derived the basic elements of the Newton Cartan
geometry (for more details, see [24]), we can just follow the standard
steps as outlined in the classic text [29] to get Newtonian gravity. This
derivation does not require the presence of any gauge field.
We hope that our results will give a new perspective on Milne boosts,
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